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ADJUNCTION OF ROOTS TO UNITRIANGULAR 
GROUPS OVER PRIME FINITE FIELDS 

ANTON MENSHOV AND VITALII ROMAN’KOV 


Abstract. In this paper we study embeddings of unitriangular groups 
UT„(Fp) arising under adjunction of roots. We construct embeddings 
of UTn(Fp) in UTm(Fp), for n > 2, m = {n— l)p® +1, s € such that 
any element of UT„ (Fp) has a p^-th root in UT^(Fp). Also we construct 
an embedding of the wreath product UT„(Fp) i Cps in UT„i(Fp), where 
Cps is the cyclic group of order p”. 


1. Introduction 

Equations over groups is old and well-established area of the group theory. 
B. H. Neumann started its systematic investigation in [?]• We refer to the 
survey [9] for developments in this area. Also a brief historical note could 
be found in [1]. 

An equation with the variable x over a group G is an expression of the 
form 

(1.1) w{x) = 1, 

where w{x) € G * (x) is a group word formed with x and elements of G. 

If is a bigger group, i.e., a group containing G as a hxed subgroup, 
then an equation over G could be also considered as an equation over H. 
Equation dni) is solvable in G if there is an element g ^ G such that 
w{g) = 1. Equation (11.11) is solvable over G if there is an overgroup H > G 
where this equation has a solution. In the latter case we may assume that 
H is generated by a solution of (|l.ll) and elements of G. In other words, H 
is obtained by adjoining a solution of (|l.ll) to G. We may also call H an 
extension of G. 

In [7] B. H. Neumann studied conditions on G and w{x) under which 
equation (11.11) is solvable over G and obtained solution of this problem in 
general case (TJ Theorem 2.3]. Also he proved the following: 

Theorem 1.1 (B. H. Neumann, m)- The equation 

( 1 . 2 ) x^ = g 

is solvable over an arbitrary group G for any g (z G and m G 

Key words and phrases, equations over groups, nilpotent groups, p-groups, unitriangu¬ 
lar groups, wreath product. 
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Solution of (ll.2p is called m-th root of g. To prove Theorem ll.ll B. H. Neu¬ 
mann used amalgamated free products. An alternative way using wreath 
products was suggested by G. Baumslag in [ 2 ]. 

From Theorem ll.il we obtain the following result: 

Theorem 1.2 (B. H. Neumann, m- Every group G is isomorphic to a 
subgroup of a group D in which every element has an n-th root for every 
n £ Z+. 

Such a group D is called a divisible group. 

According to in 1960 B. H. Neumann posed the following problem: 
given a nilpotent group B, an element h oi B and a positive integer n, is 
it always possible to embed B in a nilpotent group containing an n-th root 
for hi In other words, whether nilpotent adjunction of n-th root to h is 
possible? This problem was studied in mm- In particular J. Wiegold 
in [ 12 ] proved that it is always possible to nilpotently adjoint n-th roots to 
elements of finite order. We remark that the answer to the problem posed 
by B. H. Neumann is, in general, negative. For suppose that p is any given 
prime. Then there exists a nilpotent group G (infinitely generated) with an 
element u (of infinite order) such that any overgroup FI of G in which u has 
a p-th root is not nilpotent [ 8 ]. 

We will mention some results of G. Baumslag [3] related to the problem 
above. 

Theorem 1.3 (G. Baumslag, [3]). Ifp is any prime and G any given finitely 
generated nilpotent group, then G can be embedded in a nilpotent group H 
so that any element u in G now has a p-th root in H. 

Theorem 1.4 (G. Baumslag, [3]). Any finitely generated nilpotent group 
can he embedded in a locally nilpotent group which is divisible. 

We also remark that in [5] A. Mal’cev proved that any torsion free nilpo¬ 
tent group can be embedded in a divisible nilpotent group of the same class. 

Let ¥p be the prime finite field of order p and UT„(Fp) (n > 2) be the 
group of n X n upper unitriangular matrices over ¥p. In this paper we will 
be interested in adjunction of p®-th roots, s G Z+j to the group UT„(Fp), 
such that an overgroup is of the form UTm(Fp) for some m > n. Observe 
that we only need to perform adjunction of p®-th roots to a finite p-group 
G, since G contains n-th roots for any n such that gcd(n,p) = 1. 

In the group UTji(Fp) by tij {1 < i < j < n) we denote a transvection 
e + ejj, where e is the identity matrix, is the matrix having 1 in the ij- 
component and 0 otherwise. Also for any 7 € Fp we denote ^ 7 ( 7 ) = e+'ycij. 

In Lemma[3T]we perform adjunction of roots to transvections in UT„(Fp). 
In Theorem 13.41 we perform simultaneous adjunction of g-th roots {q = 
p^, s £ Z+) to UT„(Fp), i.e., we construct the embeddings of UT„(Fp) in 
UTm(Fp), where m = {n — l)q + 1, such that any element of UT„(Fp) has a 
g'-th root in UTm(Fp). 
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It is well known that any finite p-group G is isomorphic to a subgroup 
of UT|G|(Fp). Observe that the wreath product UT„(Fp) I Cq of the group 
UT„(Fp) with the cyclic group of order q contains a g-th root for any element 
of UT,i(Fp) and is also a finite p-group. So it embeds in UTm(Fp) for some 
m > n. In Theorem 14.31 we construct the embedding of UTji(Fp) I Cq in 
UTm(Fp), where m = {n — l)q + 1. This value of m is the minimal possible, 
since, according to Lemma [2~il the nilpotency class of UT„(Fp) I Cq is equal 
to (n — l)q. In Lemma 14.41 we show that theorems 13.41 and 14.31 lead to the 
same result. 


2. Preliminaries 

We will outline the definition of the wreath product GlC. Let G^ be the 
group of all mappings from C to G with multiplication defined by {f-f'){t) = 
for all t € C. The group G^ is called the base group of the wreath 
product. The group G I C is the set of pairs {sf | s G C, / G with 
multiplication 

sf ■ s'f = ss'f'f, 

where for all t ^ C. 

If C = Cn{c) is the cyclic group of order n, generated by c, then an 
element / of the base group is essentially a tuple of length n 

(/(c»),/(c‘),..../(c”-‘)). 

An element is a tuple 

(/(c"-'),/(c°),...,/(c"-2)), 

i.e., the generator c of the cyclic group acts on elements of the base group 
as the right cyclic shift. 

Using wreath products for adjunction of roots, the group G is usually 
identified with the diagonal subgroup of the base group. 

In [2] G. Baumslag proved that the wreath product AlB ot two nontrivial 
nilpotent groups is nilpotent if and only if both A and B are p-groups with 
A of finite exponent and B finite. Since that there were many attempts 
to find the class of a nilpotent wreath product. It was finally obtained by 
D. Shield (see [6l[Tni[II] for details). 

Definition 2.1. Let G be a group and p be a prime. The Kp-series of G is 
defined by 

K^AG) = n ^niGf, 

np3>i 

where i>l and 'yn{G) is the n-th term of the lower central series of G. In 
particular Ki^p{G) = G. 

The iLp-series of a finite p-group will eventually reach the trivial group. 
Hence the following definition makes sense. 
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Definition 2.2. Let B be a finite p-group, for a prime p. Let d he the 
maximal integer such that Kd^p{B) 7 ^ {!}. For each v, v = 1,... ,d, define 
e{v) by 

p<^^ = \K,^p{B)/K,+,^p{B)\ 

and define a and b by 

d 

a = l + {p - l)'^ve{v), 

V=1 

b = {p — l)d. 

We can now state Shield’s result. 

Theorem 2.3 (D. Shield, [TT]). Letp he a prime, A a p-group, nilpotent of 
class c, and of finite exponent, and let B be a finite p-group, with a and b 
defined as in Deftnition \2.A Define s{w) by is the exponent of^ui{A), 
for w = 1,... ,c. Then 

cl(^ I B) = max {aw + {s{w) — 1)6}, 

1<W<C 

where cl(G) is the nilpotency class of G. 

We will apply the theorem above to prove the following lemma. 

Lemma 2.4. Let p be a prime, q = p®, s G Z+, and n >2, then 

cl{\JTn{¥p)lC,)=q{n-l). 

Proof. First we will compute for the group G = Cq its iFp-series (by Defini¬ 
tion [2)T]). It is easy to check that Kp-seiies of G has the form 

p-i pjp-P 

Ki^p = G> GP >■■> GP >GP^ >--->GP^ >... 

Then, using notation of Definition 12.21 the sequence e{v) {v = 1,... ,d) has 
the form 

p-i p(p-i) p^-^ip-i) 

iXXo, iXXo, • •., iXXo, 1 

and d = b = {p — 
d 

a=l + {p- 1) ^ue(u) = l + {p- 1)(1 Pp + p^ ^ -1 = p^. 

V=1 

By Theorem 12.31 the nilpotency class of the wreath product UT„(Fp) I Gg is 
determined by 

cl(UT„(Fp) I Gg) = max {p^w + {s{w) - l){p - 

l<w<n—l 
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where is the exponent of 7 ^(UT„(Fp)). Observe that 7 „_i(UT„(Fp)) 
is the cyclic group of order p, hence s(n — 1) = 1. It is easy to see that 
maximum is attained when lu = n — 1 , so 

cl(UT„(Fp) I Cg) =p%n-l)= q{n - 1). 

□ 


3. Adjunction of roots 

We will introduce the following notations for the subgroups of UT„(Fp): 
FR„, = {{aij) € UT„(Fp) | = 0,j > i> 1}, 

LCfi — S UT^(Fp) I CLij — 0,71 > j > i}, 

An = {(aij) € UT„(Fp) I aij = 0, j > 1}, 

Bn = {{aij) € UTn(Fp) | a^n = 0,i < n}. 

Observe that subgroups FRn and LCn are normal in UTn(Fp) and isomor¬ 
phic to Cp~^, where Cp is the cyclic group of order p. Subgroups An and 
Bn are naturally isomorphic to UTn-i(Fp). Furthermore 

UTn(Fp) = FRn X An = LCn X Bn- 

Let tij denote a transvection in the group UTn(Fp). It is known that Uj 
satisfy the following relations 

[tij ) ^j,k\ ti,ki 

(3.2) \ti,jitk,l\ = 1) j k, i I, 

=1 

and any other relation between elements of UTn(Fp) is a consequence of 
relations (1321). 

Let m > n and 1 = A:i < /c 2 • • • < ^n = iR be a sequence of integers. By 
t[ ■ we denote a transvection in UTm(Fp). It is clear that the mapping 

(3.3) (f) \ tij^i I—> , i = l,...,?i — 1, 

is an embedding of UTn(Fp) in UTm(Fp). 

The following lemma utilizes the embedding above to perform adjunction 
of roots to transvections in UT„(Fp). Further we will use rational numbers 
to index rows and columns of matrices. 

Lemma 3.1. The equation 

(3.4) = ti,,(7), 

over UTn{¥p) (n > 2), where gcd(p, r) = 1, s € is solvable in an 
overgroup isomorphic to UTmiWp), where m = n + p^ — 1. 
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Proof. For brevity denote q = p^- It is well known that UT„(Fp) is generated 
by for i = 1,..., re — 1. Insert a sequence of g — 1 numbers a/ € Q \ N 

between i and j such that 

i < ai < • • • < ag-i < j. 

Positions of ai relative to indices i + 1,..., j — 1 don’t have much effect. For 

simplicity we assume that 1 < a/ < i + 1 , for Z = 1 ,..., g — 1 . 

Let UT„(Fp) be embedded in UTm(Fp), generated by transvections 

./ ./ ./ ./ ./ ./ ./ 

5 * * * 5 ^i,ai ’ ^ai , 0:2 ’ • • • ’ ^aq_l , 2+1 ’ ^ 2 + 1 , 2 + 2 ’ • • • ’ ^72—1,22’ 

by the mapping 

(3.5) (/> : hA t'^+ 1 , i = l,...,re-l. 

In UTm(Fp) take the element 

X = e + + • • • + 'yqeag_ij, 

where 7172 ... 7 g = r “^7 (r“^ is the inverse for r modulo p), then 
= (e + = e + ■ycij = Uji'y). 

Hence x is a solution of (13.4p . □ 

The method above, however, doesn’t allow to adjoint a root to any element 
of UT„(Fp). Now for <? = +, s € Z"*", we will describe the embeddings of 
UT„(Fp) in UTm(Fp), where m = (re — l)q + 1, that naturally arise in 
Theorem 13.41 


Let 

Oii,j £ Q 

be 

such that 



i < 

0^2, 

1 * * * <( <( z + 1, 

i = 1,..., re — ( 

and let UTm(F. 

p) be generated by 



4,. 


f' f' 

«i,l,ai,2’ • • • ’ ai,5-i,i+l) 

i = 1,..., re — 1 

Consider the embedding cj) : UT„(Fp) —^ UTm(Fp) defined by 

(3.6) 






tl,2 

!->• 

+' 

^1,2) 



^2,3 


t' f' f' 

2,3 01,1,02,1 01,2,02,2 ■ ■ 

' OLl,q-l,(y-2,q-l ’ 

■ 

^3,4 


f' f' f' 

3, 4‘'02,1,03,1''02,2,03,2 ■ ■ 

‘ Q!2,g-l,a3,g_l ’ 


tn—l,n 

!->■ 

f' f' f' 

''n-l,n''Q„_2,l ,Qn-l,l ''On- 

ff 

-2,2,Qn-l,2 * * * OLn-2,q-. 


We will prove that (j3.6|) is really an embedding. 

Define the following subgroups in UTm(Fp) 

~ ^a2,i,03.i’ • • • ’ ) * — 1; • • • i 9 “ 1) 

— (4,3 J 4,4) • • • ) 4-l,n) • 

Observe that Hi ~ UT„_i(Fp), for i = 1,... ,q, and ior k ^ I subgroups 
Flfc and Hi are commuting element-wise. Denote H = Hi x • • • x Hq and 
D{H) is the diagonal subgroup of H, then D{H) ~ UT„_i(Fp). Consider a 
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subgroup W of FRm, consisting of matrices having nonzero elements only in 
positions +1, for A; = 0,..., n — 1. It is easy to see that W ~ FR„. Take a 
semidirect product P = W \ D{H), where an element {hi ,..., hg) € D{H) 
acts on rc G VF as a conjugation by hg. Then P ~ FR„ X UT„_i(Fp) ~ 
UT„(Fp). The basis of P consist of images i = 1,..., n—1, specified 

in (|3.6jl . Hence is really an embedding. 


Example 3.2. Let n = p = q = 3, then the image of 

G UT3(F3) 

1 / 

under embedding (13.6p is equal to 


1 0,12 ai3 
O = ( 0 1 a23 

.0 0 1 


cj){a) 


/ 1 0 0 ai2 0 0 ai3 \ 

/ 0 1 0 0 a23 0 0 \ 

0 0 1 0 0 023 0 

0 0 0 1 0 0 023 
0000 1 0 0 

\0000 0 1 0 / 

^0000 0 0 1 ' 


G UT7(F3) 


Similarly one can define the embedding ^p : UT„(Fp) —>• UTm(Fp) by 


( 3 . 7 ) 

tl ,2 

i-A 

f' f' f' f' 

''l,2‘'ai,i,02,l oi,2,a2,2 ‘ ‘ ‘ 01,9-1 ,a2,5-1 



i-A 

f' f' f' f' 

2, 3 ‘'Q: 2 ,1,03,1 02,2,03,2 ■ ■ ■ 02 , 9 - 1 , 03 , 9-1 

'ijj : 

An— 2 ,n —1 

i-A 

t' t' t' 

‘'n-2,n-l'"o„_2,i,o„_i,i‘'o„_2,2,o„_i,2 • ' 


An—l,n 

i-A 

f/ 

''n-l,n- 


In a similar way one can prove that (j3.7p is really an embedding. 


Example 3.3. Let n = p = q = 3, then the image of 

a= (oT 023 ) GUT3(F3) 

Vo 0 1 / 

under embedding (13.7p is equal to 


V'(a) 


/1 0 0 012 0 0 013 \ 
/OIOO012O o\ 
0010 0 012 0 

0001 0 0 023 

0000 1 0 0 

\0000 0 1 0 / 

^0000 0 0 1 ' 


G UTr(F3) 


Using embeddings (13.61) and (13.71) one can adjoint roots to any elements 
of UT„(Fp). 

Theorem 3.4. The equation 


(3.8) = a, 

over UTn{¥p) (n >2), where q = p‘^, s G is solvable in an overgroup 
isomorphic to UTmi¥p), where m = {n — l)q + 1. 
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Proof. Let aij S Q be such that 

i < ai^i < ■ ■ ■ < Oi^q-i < i + 1 , i = 1 ,..., n — 1 , 

and let UTm(Fp) be generated by 

• • • 5 ~ 1, ... ,n — 1. 

Write a = (aij). Using induction on n we will prove that solution of (13.8p 
with respect to embedding (13.6h has the form 

(3.9) X = Xn-lXn-2 ■ ■ ■ X2Xi, 

where 

Xl ^ai q—1,2 • • • ^ai i ,Qi^2 (® 1 ) 2 ) j 

X2 ^02,5-1,3 • • • ^«2,1)“2.2^2,«2,i (®2,3)^1,q: 2 1 (®li3)j 


Xn—1 ian-i^q-i,n ■ ■ ■ ,a„_i, 2 (®n—l,n)' 

■ ^n-2,an-i,i (®n-2,n) • • • ^ (ai,n)- 

Induction base. If n = 2 then we obtain the equation 
(3.10) x‘^ = ti, 2 (ai, 2 )- 

Make an insertion of indices aij G Q such that 


1 < (Tip < (Tip < • • • < Oi\^q—\ < 2. 

Consider the group UTq+i(Fp), generated by transvections 

f' f' f' 

J oi,i,ai,2 ’ • • • ’ ''ai,q_i,2! 

and define the mapping (fi : UT 2 (Fp) —>■ UTq+i(Fp) by (?ii(ti, 2 ) = 
UTq_|_i(Fp) take the element 

Xl ^a\ q—i,2 • • • ^ai i,ai^2^1,ai i (®1,2)j 

then = t'l 2 (oip). Hence xi is a solution of (I3.10p . 

Induction step. Suppose that the equation 

(3.11) x^ = a 

over UT„+i(Fp) is given. Consider this equation over the factor UT„(Fp) = 
UT„_|_i(Fp)/LC„+i. By induction the latter is solvable with respect to em¬ 
bedding (j) of the form (13.6p and its solution x has the form (|3.9p . 

Make an insertion of indices G Q such that 


n Gin^l ^ ^n^2 ^ ‘ ‘ ‘ ^ 1 U 1 * 

Consider the embedding cj)' : UT„_|_i(Fp) ^ UT„q+i(Fp) defined by 

0 ifkjk+l) 4’ifk,k+l^i ^ 1 , . . . , ?T. 1 , 




n+1. 


= f' f' f' 

‘'n,n+l • • • '^an-l,q-l,an,q-l 


(3.12) 
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Compute the image of a under cj)'. It is clear that 


i=l 


where a G B„+i (in notations of ()3.1l) i. Hence 

= ( j )' ( p { a ). 


^2=1 


Observe that 4>{a) = x'?. Computing for i = n—1,..., 1 the values = 

(p'{[ti^i+i,ti+i^n+i]) we obtain 

4> {tl,n+l) = il,n+l = ^l,n+l^l) 

iti,n+l) — ,On,q-i J i — 2 , . . . , n — 1 . 


Observe that Aj and t' commute and also Aj and Aj commute. Denote 
^*( 7 ) = then (j)'= t',„+i( 7 )Ai( 7 ) and 

I ti,n+l (flijn+l ) j — I J_ ^i,n+l 1 A 2 (o2,n+l) • • • An,(Un,n+l) • 


\i=l 


\i=l 


Take 

Xn = i'an,q-i,n+l ■ ■ ■ ^n,an^i i(^ri,n+l)tn-l,an,i (®)i-l,n+l) ■ ■ ■ ^ (ffll,n+l) 

= e + Ol,n+l6l,an,l + ■ ■ ■ + ®n,n+lCn,Q!„,i + ^Q!n,l,an,2 + ' ' ' + Gan,q-i,n+l 

= e + y, 


then x'i= W t'„+i(ai,„+i) and 
2=1 

(j)'{a) = X^A 2 (o 2 ,n+l) • • • ^n{an,n+l)x'^■ 

We will show that x' = XnX is a solution of (13.lip with respect to embed¬ 
ding (I3.12p . Write x = e + z. Since yz = 0, we get 

{xnxf = {e + y + zY 

= e + y‘^ + z‘i + z‘^-^y + z^-^y^ + • • • + zy‘^-^ 

= (e + 2 /«)(e + z'l-^y + z'J-^y^ + • • • + zy^^-^ie + z^) 

= xUe + z^-^y + + ... + zy’^-^x’^. 

Observe that 

z'^ y = a2,n+lGai^k,c^n,k ^^,n+l^a 2 ^k,ctn,k + ’ ’ ’ + Q,n,n+iea„_i_fe,a„^fc j 
hence 


e-t-2'' ^y + z'^ ‘^y‘^ - zy'^ ^ = A2(a2,n+i) • • • A„(an,n+i)- 

Finally we obtain {xnxY = so XnX is a solution of (13.1111 with respect 

to embedding (j3.12p . 
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In a similar way one can prove that solution of ()3.8p with respect to 
embedding (j3.7p has the form 

X = X 1 X 2 . --Xn-l, 

where 

^2 — ^o„_2,5_i,n(®n-2,n)iQ.„_2^q_i,n-l(®n-2,n-l)iQ.„_2^q_2,a„_2,q_i 


...tl 


n-2,an-2 


^n—1 


-1 = t' 


i{o-l,n) ■ ■ ■ tai „_ i , 2 (® 1 , 2 )^c 


oi,i3-2,ai,g 




i“l,l ■ 


□ 


Observe that the theorem above performs simultaneous adjunction of g-th 
roots to UT„(Fp), i.e., any element of UT„(Fp) has a q-th root in UTm(Fp). 


Example 3.5. Let n = p = 3 and a = 

to Theorem Eai solution of X 
ding (j3.6p has the form 


1 ai2 ai3' 

0 1 023 

0 0 1 

^ = a over UT 3 (F 3 ) with respect to embed- 


e UT 3 (F 3 ). According 


X = 


' 1 012 0 0 013 0 0 ' 
1 0 0 0 0 
110 0 0 
0 1 023 0 0 
0 0 110 
0 0 0 1 1 
0 0 0 0 1 . 


e uT7(F3). 


With respect to embedding (13.7|) solution has the form 


X = 


'110 0 00 0 
oil 0 00 0 

001 012 0 0 013 
000 1 10 0 
000 0 11 0 
0 0 0 0 0 1 023 
^0 0 0 0 0 0 1 


\ 


/ 


e uT7(F3). 


4. Embeddings of wreath products 

Let tij denote a transvection in the group UT„(Fp), where n > 2, q = , 

s € Z~^, and let aij £ Q be such that 

i < ai^i < ■ ■ ■ < ai^g-i < i + 1, i = 1,... ,n — 1. 

Let UTm(Fp), where m = {n — l)q + 1, be generated by 

1 ! ijCfi 2 ’ ■ ■ ■ ’ ^ai_ij_i,i+l5 * 1, . . . , ?T. 1. 


Lemma 4.1. The mapping 9 : 17T„(Fp) —>• UTmi^p), defined by 




i = 1, 


,n - 1, 


is an embedding. 
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Proof. From the following identity 

[x,yz] = [x,z][x,y][x,y,z] 

we obtain 

It is easy to check that relations (I3.2p hold for 6{tij) and 6{g) ^ 1 foi g ^ 1. 

□ 


Lemma 4.2. Let p be a prime, q = p®, s G 


11 0 
1 1 


'0 0 0 ... 

0 0 0 ... 


0 O' 
0 0 


A = 


B = 


G Mgxg(Fp) 


0 0 0 
1-11 


0 0 
-1 1 . 


and Mi = A ^BA^, for i = 0,..., g — 1 (Mq = B). Then the following holds: 

1) (1, -1,1,, -1, l)Mi = (0,..., 0) /or i = 1,... , g - 1, 

2 ) = (0,...,0,1), 

3 ) EtoM^ = E. 


Proof. In the matrix Mi each column j (j = 2,..., g) is a multiple of the 
first one. Indeed, for Mq = B this statement holds and multiplications by 
A~^ on the left and by A on the right preserve this property. Multiplication 
by A on the right doesn’t change the first column. Hence, to prove the first 
statement it is enough to show that (notice that A~^ = A'^~^) 


(1,-1, 1)H* ^ ^ =0, for i = 1,... ,q - 1. 

If = (xg,..., xi) then Hx = (xg + Xg-i,... ,X 2 + xi,xi). Further 


( 1 ,- 1 ,!,...,- 1 , 1 ) 


since in matrices 



Xq+Xg-l ' 


X2+X1 

XI 


— Xg — 0 , 


i = l,...,q-l, 


the value of yg is equal to 0. This proves the first statement. 

The second statement follows from the third one, since multiplication of 
B by A~^ on the left doesn’t change the last row of B. 

Denote M = Observe that all Mi (and respectively M) are 

lower triangular matrices and A~^MA = M. Then from the system of 
linear equations XA = AX on the unknown lower triangular matrix X it 
follows that X = \E. Since MqM = Mq we have A = 1 and M = E. □ 
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Theorem 4.3. The wreath product f/T„(Fp) I Cq (n > 2) of unitriangular 
group UTn{¥p) with the cyclic group of order q = p^, s £ iT', embeds in 
UTmi^p), where m = [n — l)q + 1. 

Proof. Let tij denote a transvection in the group UT„(Fp). Let aij € Q be 
such that 

i < < ■ ■ ■ < ai^q-i <i + l, i = 1,..., n — 1, 

and let UTm(Fp), where m = (n — l)q + 1, be generated by 


t' 


i = 1,... ,n — 1. 


j p p 


By a we denote the generator of Cq. In UTm(Fp) we will construct an 
element c of order q and subgroups Gi,... ,Gq such that the following con¬ 
ditions hold: 

1 ) Gi+i = c~^GiC, for i = 1,... ,q - 1] 

2) Gi ~ UT„(Fp), (pi : UT„(Fp) —>■ Gj is a corresponding isomorphism 
and (j)i+i{tjj+i) = c~^(j)i{tjj+i)c, for j = 1 ,..., n - 1 ; 

3) Gi and Gj are commuting element-wise for i j] 

4) Gi n Gj = {1} for i 7 ^ j. 

Then the mapping r : UTn(Fp) I Cq{a) UTm(Fp), defined by 
(4.1) T : a^{hi,h2, ...,hq)t-^ C^4>l{hi)(p2{h2) ... 4>q{hq), 

is an embedding. Observe that according to Lemma 12.41 this value of m is 
the minimal possible. 

Denote gij = 4>i{tjj+i), for i = 1,... ,q, j = 1,... ,n — 1. To prove 3) 
we will show that [gk,i,9i,j] = 1 for k 7^ I and i,j = l,...,n — 1. Since 
gk+i,i = c~^gk,ic for k = 1 ,... ,q - 1 and 



it is enough to prove that [gij,gij] = I for I = 2,..., q and i,j = 1,..., n — 1. 
From 3) it follows that to prove 4) it is enough to show that C{Gi) 0 


((Gj) = {1} for i^j. 

For z = 1,..., n — 1 denote 

(4.2) 



+ ■ ■ ■ + S-cni q_i,i+l 


and c = C 1 C 2 .. .Cn-i. Clearly [ci,Cj] = 1 and Cj has order q, hence c has 
order q. 

Define the ordered sets 



Write 


(4.3) 
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where 'jij G Fp and k = 1,... ,n — 1. Observe that in the product above all 
transvections commute. With hk we associate \Ik\ x |/fe+i| matrix M(hk) = 
(hij) over the held Fp, with rows and column indexed by Ik and Ik+i re¬ 
spectively. And conversely, with any such matrix we associate an element 
of the form (I4.3jl . Further we will reduce operations with elements of the 
form ()4.3[) to operations with corresponding matrices. 

Observe that 


c ^hic = ^hici, 

c~^hkc = c^\c^^hkCkCk-i, k = 2,...,n-l. 


From (13.21) we obtain 


a,l3 e Fp, 

Thus c~^hkc and hk (A; = 1,..., re — 1) are elements of the form (j4.3p . For 
/c = 1,..., re — 1 we have M{c^^hkCk) = M{hk)A , where 


A = 



e UT,(Fp). 


For A: = 2,..., re — 1 we have M[c^^^hkCk-i) = A ^M{hk)- Combining all 
the above we obtain 


M{c-^hic) = M{hi)A, 

M{c~^hkc) = A~^M{hk)A, A: = 2,..., re — 1. 

Take 


(4.4) 

then M{hi) 


= - ,-1,1) (forp 

/O 0 0 ... 0 0\ 

M(hfc) = ( ; ; ; ; M 

\ 0 0 0 ... 0 0 / 
V 1 -1 1 ... -11/ 


. 1-1 .1 

' ^k,ak q_ik,k+l^ 

2 we treat it as (1,1,..., 1)) and 
A: = 2,..., re — 1. 


Take gi^k = hk, for k = l,...,re — 1, then by Lemma l4.ll the subgroup 
Cl = {gi^i,..., gi^n-i) is isomorphic to UT„(Fp). Further take gi+i,k = 
c~^9i,kc, for i = 1,... ,g - 1 and A: = 1,... , re - 1, and Gi = {gi^i,.. .,gi^n-i)- 
This proves statements 1) and 2). 

Since c~^hkc and hk are elements of the form (j4.3h then [gi^k,9i,k] = 1, for 
A; = 1,... ,re —1, I = 2,... ,q. It is also clear that [9i^k,9ij] = 1 for \j — k\ > 1. 
So it remains to consider the case when \j — A:| = 1. Let gi^k = hk = e + A 
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and gi^k+i = c ^ = e + B. We will show that AB = BA. Clearly 

BA = 0 and 


AB = 0^ M{hk)M{c-^^-^hk+ic^-^) = 0 . 

The latter follows from the hrst statement of Lemma 14.21 Thus statement 
3) is proved. 

Observe that C{Gi) = ( 2 : 1 ), where 


7 — f' 


...t 


1-1 

l,ar. 


-i.-A, 


Denote zi = c for Z = 2,..., g. Dehne yi by 




then 


_ f'yi f'y2 Jyq-i Jvq 

■ ■ ■ ''IjCfn-l, 9-1 

The centers C{Gi) = {zi) are disjoint. This proves statement 4) and brings 
our proof to the end. □ 


Let p : UT„(Fp) —)• UT„(Fp) I Cq be the embedding of UT„(Fp) into the 
diagonal subgroup of the base group, r : UT„(Fp) I Cq{c) —)• UTm(Fp) be 
embedding (14.11) . constructed in Theorem 14.31 and (j) : UT„(Fp) —>• UTm(Fp) 
be embedding (13.6p . 

Lemma 4.4. t o p = cj). 

Proof. Using notations of Theorem 14.31 we will compute the diagonal sub¬ 
group of the base group. Denote 

y 

fk = Wgi,k, fc = l,...,re-l, 

1=1 

then fk is an element of the type (j4.3l) . Observe that 

q q-l 

M{h) = Y,M{gi,i) = E M[hi)A\ 

l=l 1=0 

q q-l 

M{fk) = Y, M{gi,k) = Y ^~'M{hk)A\ k = 2,...,n-l. 

1=1 1=0 

From Lemma 14.21 (statements 2) and 3)) it follows that 

M(/i) = (0,...,0,l), 

M{fk) = E, k = 2,...,n-l. 

Hence 0(L,i+i) = T(p(U,i+i)), for i = 1,. .., n - 1. 


□ 
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Open question. Does there exist a nontrivial variety L of groups, 
distinct from the variety G of all groups and the variety A of all abelian 
groups, such that every group G G L is isomorphic to a subgroup of a 
divisible group G G L? 
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